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Discrimination of failure criteria with ceramic
rings subjected to internal pressure
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Abstract

An experimental procedure for gathering short-time strength data and to discriminate multiaxial failure criteria of ceramics is presented. It
uses concentric rings of different diameter ratios which are subjected to internal pressure and allows specimen to have “as-fired”-surfaces.
Due to mainly tensional stresses, crack-face friction effects in the material have minor influence on the discrimination of failure criteria. Test
series with alumina have been executed and the results are presented.
© 2005 Elsevier Ltd. All rights reserved.
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. Introduction

Strength behaviour and lifetime of ceramic components
an be explained by the principles of linear-elastic fracture
echanics. The approach is based on a weakest link theory

sing a population of planar cracks with random orientation
nd statistical distributed size.2,3,6,7 A component’s strength
epends on its volume, the distribution of stresses, the as-
umed type, size and density of flaws and – in case of mul-
iaxial states of stress – a failure criterion. The present paper
eals with an experimental procedure which allows the dis-
rimination of failure criteria by using ring-shaped ceramic
pecimens subjected to internal pressure. The choice of the
rocedure and the specimens is based on a preceding work
bout the quantification of the influence of failure criteria on
trength prediction.9

The failure probability Pf of a ceramic component can be
ormulated in terms of a Weibull distribution:

f(σ
∗) = 1 − exp

[
−

(
σ∗

σ∗
0

)m]
. (1)

∗

with parameters σ∗
0 and m. σ∗ is a reference stress which

specifies the component’s loading, hence σ∗
0 denotes a ‘char-

acteristic’ reference stress which leads to a failure rate of
63.2% (characteristic strength).

The prediction of a component’s short-time strength distri-
bution (subscript ‘A’) requires a conversion of the character-
istic strength obtained from tests with specimens (subscript
‘B’):

σ∗
0,A = σ∗

0,B

(
Veff,B

Veff,A

)1/m

. (2)

This holds under the assumption, that in both cases the same
type of flaw population leads to failure, which means that m
must be equal for both distributions. The ‘effective volume’
Veff is a variable in which the following effects are summa-
rized: size of the component, its field of stress, the properties
of the assumed crack population, and the failure criterion
(which is described below). The effective volume is given by

Veff = 1

4π

∫
V

∫ 2π

0

∫ π

0

[
σIeq(�x, ϕ, θ)

σ∗

]m

sin θ dθ dϕ dV.

(3)
Tel.: +49 40 4 28 78 3231; fax: +49 40 4 28 78 2296.
E-mail address: p.scheunemann@web.de.

σIeq(�x, ϕ, θ) is a comparative (equivalent) stress for a crack
with orientation ϕ, θ located at �x under mixed-mode load. It
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is calculated using a failure criterion such as the empirical
criterion after Richard:8

σI eq = 1

2

⎡
⎣σn +

√
σ2

n + 4

(
αI

YII

YI
τeff

)2
⎤
⎦ . (4)

YI and YII are factors describing the geometry of the cracks.
The parameter αI allows the adaption to test results and sets
the sensitivity against shearing stress, respectively mode II
and mode III loadinga, on the crack. Due to this adjustability,
the criterion after Richard was used to define indicators in the
preceding paper.9 σn is the stress normal to the crack plane.
In case of negative σn, the crack is under compressive loading
and three assumptions concerning the effect of shear stress
(τeff) are possible: (a) no failure occurs, (b) failure occurs only
as a result of shear loading (σn = 0, τeff = τ), (c) failure due
to shear loading decreased by frictional force, which leads to
the relation of Alpa:1

τeff = max(0; |τ| − |µ σn|) for σn < 0. (5)

Surface flaws respectively flaw populations related to the
component’s surface are considered by an analog approach.
In addition to the criterion after Richard the following criteria
are used for strength prediction in Section 3:

• mode-I-failure

•

•

•

f)3

)2]1.5
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compressive load. The indicators are defined by two values of
effective volume, which are calculated for the field of stress
of a component or specimen for different parameters αI and
µ of the criteria after Richard and Alpa. The first indicator
IF1 is a measure for the sensitivity of a component’s strength
prediction against changing the failure criterion. The second
indicator IF2 describes the sensitivity against changing the
reduction of shear stress on a crack due to frictional effects
under compressive crack loading (see Eq. (5)). Both indica-
tors do not depend on the absolute level of stresses and stay
constant upon rescaling of the component. A value of zero
indicates that there is no effect of the chice of failure criterion,
increasing values indicate an increasing effect.

To extract an applicable failure criterion for a specific ma-
terial, test results obtained from a test with low IF1 should
be compared with results from a test with high IF1. On the
other hand the IF2-values should be as low as possible, since
a high value indicates that the failure is affected by compres-
sive stresses. This would lead to a mixed influence of the
failure criterion itself and of frictional effects and is there-
fore not wanted. Numerical values for spatial constant states
of stress, for typical experimental setups and for real com-
ponents have been calculated. Due to this results, testing of
ring-shaped specimens with different diameter ratios under
internal pressure was found to be a promising approach to
cover a medium range of I with low I .
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σI eq = σn (6)

coplanar energy release rate (ν is the Poisson’s ratio)

σIeq =
√√√√σ2

n + τ2
eff

[(
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]

(7)

maximum noncoplanar energy release rate

σI eq = 4
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maximum hoop stress factor

σIeq =
√

8[2σn + 6
√

σ2
n + 8((YII/YI)τeff)2]((YII/YI)τef

[σ2
n + 12((YII/YI)τeff)2 − σn

√
σ2

n + 8((YII/YI)τeff

When used for the calculation of the effective volume (Eq.
3)), the maximum value of σIeq along the crack front has to
e chosen. For circular cracks and the criteria shown here,
his is where shear stress is perpendicular to the crack front.

The effective volume, as a variable which depends on the
hoice of the failure criterion, can be used to define two sen-
itivity indicators IF1 and IF2.9 They quantify the effect of
ailure criteria on strength prediction and allow distinction
f the particular influences of the multiaxial failure criterion
nd of an additional criterion for the cracks’ behaviour under

a Mode I: tension normal to crack plane, mode II: shear loading normal to
rack front, mode III: shear loading in direction of crack front.
(9)

F1 F2

. Specimens and experimental setup

Test series on two different types of ring-shaped specimens
Fig. 1) have been carried out on alumina (99.7% Al2O3). The
im was to gather short-time strength data and to determine
failure criterion for the strength prediction of components
ade of alumina in hydrostatic machines. Both types of rings

ave been produced by a commercial manufacturer and show
s-fired conditions on inner and outer surface (Rz between 2.4
nd 4.8 �m) and polished planar faces (Rz = 0.65 �m). Due
o the different diameter ratios the state of stress on the inner
urface (location of highest tensile stress) reads for type-A:

σ2

σ1
= −0.18 and

σ3

σ1
= −0.20 with σ1 = 4.98p (10)

nd for type-B:

σ2

σ1
= σ3

σ1
= −0.54 with σ1 = 1.85p, (11)

here p denotes the applied internal pressure. σ1 is the ten-
ile hoop stress, σ3 is the radial compressive stress due to
nternal pressure, and σ2 arises from fluid pressure gradi-
nts across the planar faces. Their computation is described
elow.

Test on selected samples of type-A-rings showed a low
evel of concentricity deviations. Stress corrections due to
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Fig. 1. Ring-shaped specimens for internal pressure testing.

these deviations stayed below 0.2% and have been neglected.
Deviations of type-B-rings were found to show very low in-
fluence on stresses and have also been neglected.

The corresponding test stand feeds a constant volumetric
flow to the interior of the specimen, which escapes through
gaps between ring and pressure-plate respectively fixation-
plate (Fig. 2). The internal pressure is controlled by the force
F as it determines the height and the choking effect of the
gaps. A slightly asymmetric design of the specimens (one
outer chamfer increased) was chosen to reduce risk of oscil-
lation of the specimen with still a second (but very narrow)
gap existing, which reduces influence of friction. Both types
of specimens can be used in the same test stand without the
need for modifications. Load induction by fluid allows one to
use inner and outer surfaces of the rings in as-fired conditions
as it does not lead to local gradients of contact stresses due
to bumpiness when inducing load via rigid bodies.

Due to the choking effect of the gap flow, the oil tempera-
ture rises from the inner to the outer portions of the specimen.
This leads to thermal stresses, which have to be taken into
account. In addition, there is a mutual influence of the fluid
pressure gradients in the gaps, the temperature-dependency
of the fluid viscosity and the elastic deformation of the
specimen and the fixation plates. For a computation of
these effects a co-simulation of the gap flow, the transient
temperature field and the elastic deformations was executed
f

in Eqs. (10) and (11) already include thermal stresses and
compressive stresses due to the fluid pressure gradients for
alumina. The surrounding medium used in the tests was
mineral oil for fluid power applications (Shell Tellus 68). Fig.
3 shows the test station with the pressure control valve which
controls the force F, produced by the hydraulic cylinder. The
test rig can produce up to 1000 bar in continuous operation
and up to 1500 bar in short-time tests.

t); gap flow with symmetric and asymmetric specimen.
or each ring type (see10 for a detailed description). Stresses

Fig. 2. Principle of internal pressure testing (lef
Fig. 3. Test rig.
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Fig. 4. Typical examples of bursted rings.

Fig. 5. Weibull plot of the test results, Al2O3, ring type-A.

3. Results

Two test series have been executed: the first one on 61
rings of type-A, the second one on 22 rings of type-B. In
both cases the temperature of the surrounding medium was
40 ◦C. The climb rates of the internal pressure used for short-
time strength testing were 3800 bar/s on type-A-rings and
6900 bar/s on type-B-rings, which leads to climb rates of
1750 MPa/s (type-A) respectively 1100 MPa/s (type-B) for
tensile stresses on inner surface of the rings.

Fig. 4 shows typical examples of bursted rings. Weibull
parameters of the distribution of bursting pressures has been
determined according to the European Prestandard ENV 843-
5.5 Figs. 5 and 6 and Table 1 summarize the test results.

To find out, which of the failure criteria is suitable for
the prediction of a component’s strength behaviour, the char-
acteristic strength (here: bursting pressure) of type-B-rings
was calculated from the test results of type-A-rings using Eq.
(2). Veff and Aeff were computed from FEM-results using a
self-coded software. This was done for volume flaws (circu-
lar cracks)b and surface flaws (semicircular cracks), and for

b YII/YI = 1.117 and YIII/YI = 0 at the location of the crack front with
maximum equivalent stress σIeq.

Fig. 6. Weibull plot of the test results, Al2O3, ring type-B.

different failure criteria (Eqs. (4) and (6)–(9)). In case of the
criterion after Richard (Eq. (4)) the parameter αI was varied
for best fitting. In all cases compressive stresses were incor-
porated by using the criterion after Alpa (Eq. (5)) with µ = 0
and µ → ∞, the latter means that there is no failure due to
shear stress under compressive stress on crack plane. The
Weibull-modulus used for the calculation was m = 12.6, in
case of prediction using effective surfaces, only surfaces in
as-fired-conditions have been used (inner and outer surface).

Then the calculated strength of type-B-rings was com-
pared with the observed strength from the test series. The
90% confidence intervals were determined to take account of
the statistical uncertainty of the results. Fig. 7 summarizes
the different predictions. It shows that failure criteria with
low sensitivity against shear stress (mode-I-failure, criterion
after Richard with low αI) generate too high bursting pressure
predictions. Criteria with high shearing sensitivity generate
better predictions, but to fit the results a unusual high value
of αI ≥ 3 is needed. Predictions which are using the effective
surface need less αI-values for fitting. Due to the coarse sur-
face and the fact that the highest tensile stress can be found
on the inner surface of the rings, it is most likely that fail-
ure is triggered by surface flaws. Because of the number of
fragments respectively fracture surfaces (see Fig. 4) an exact
location of fracture origins was not possible.

A variation of the friction-parameter µ in the criterion
a
a
f

a
0
H
fi
W
t

fter Alpa does not change the prediction significantly (left
nd right values of the displayed pairs), which was a demand
or the choice of the test procedure.

The non-applicability of common criteria (Eqs. (6)–(9))
nd of the criterion after Richard with a parameter-range of
.5 ≤ αI ≤ 1.3 on alumina was also reported by Schöpke.11

is experiments were also carried out on specimens with as-
red-surfaces and with mineral oil as surrounding medium.
hereas Brückner-Foit et al.4 found shear-insensitive cri-

eria to be applicable for alumina by comparing tests with
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Table 1
Weibull parameters and confidence intervals

Value Unit Type-A-rings Type-B-rings

Number of specimens – 61 22
Weibull modulus m – 12.62 9.20
Characteristic bursting pressure p0 Bar 538.2 1229

Confidence interval (95%)
Weibull modulus – [10.21,15.50] [6.38,13.08]
Busting pressure Bar [526.2,550.2] [1165,1295]

Confidence interval (90%)
Weibull modulus – [10.70,14.92] [6.91,12.31]
Busting pressure Bar [528.9,547.7] [1180,1281]

Fig. 7. Comparison of experimental and predicted characteristical bursting
pressure of type-B-rings, using different failure criteria; calculation with
effective volume (•) respectively effective surface (◦); left value of pairs:
µ → ∞, right: µ = 0 in the criterion after Alpa.

mainly tensional stresses with Brazilian disk tests, which
shows mainly compressive stresses. In this case a superim-
posed effect of frictional forces between the surfaces of the
cracks occurs, which may explain the different results. Since
the manufacturing process of ceramic components has a large
influence on their strength properties, the results may be very
sensitive against differences between the two specimens. This
underlines the necessity of carefull production of both spec-
imen types. Though type-A- and type-B-rings were made
of the same material with equivalent processing, some un-
certainties are still remaining, e.g. residual stress due to the
sintering process. Further test series with different materials
and different manufacture processes are necessary.

4. Conclusion

Testing concentric rings of different diameter ratios under
internal pressure was found to be a good approach to prove
the applicability of multiaxial failure criteria for ceramics.
Due to mainly tensional stresses (σ1 > |σ3|) frictional effects
between cracks’ surfaces have very low influence on the re-
sults of the determination of applicable failure criteria. Load

induction by fluid allows one to use specimens with coarse
inner and outer surfaces, which is of interest for strength pre-
diction of ceramic components with surfaces which are left
in as-fired conditions due to cost reduction. Bursting tests
of two types of rings with as-fired surfaces have been exe-
cuted on alumina; experimental results have been compared
with strength predictions based on different failure criteria.
The results show the need of criteria with high sensitivity
against shear stress to fit experiment and prediction. This was
also observed Schöpke,11 while other authors found shear-
insensitive criteria being applicable.4 One possible explana-
tion is the different amount of compressive stresses, which
occur in the different experimental procedures.
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